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ON SHINTANI ZETA FUNCTIONS FOR GL(2)

AKIHIKO YUKIE

ABSTRACT. In this paper we consider an analogue of the zeta function for not
necessarily prehomogeneous representations of GL(2) and compute some of the
poles.

INTRODUCTION

The notion of prehomogeneous vector spaces was introduced by Sato and Shin-
tani in [4]. The main object of the theory is the zeta function, which is the counting
function for generic rational orbits. The poles and the residues of the zeta functions
are closely related to distributions of arithmetic objects. When the group is GL(2),
Shintani determined the poles and the residues of the zeta functions for the spaces
of binary forms of degree 2 and 3. His results, combined with the local theory of
Datskovsky—Wright [2], [3] and Datskovsky [1] produced the zeta function theoretic
proofs of the Davenport—Heilbronn theorem on the density of cubic fields and the
Goldfeld—Hoffstein theorem on the density of class numbers of quadratic fields.

One basic reason why the zeta function theory yields such density theorems is
that the orbit spaces of prehomogeneous vector spaces parametrize interesting arith-
metic objects. However, as far as parametrizing arithmetic objects is concerned,
we do not have to restrict ourselves to prehomogeneous vector spaces. For exam-
ple, the orbit space of binary forms of degree 4 parametrizes rational isomorphism
classes of elliptic curves defined over a number field.

The definition of the zeta function can easily be generalized to general repre-
sentations of reductive groups using the notion of stability in geometric invariant
theory. In this paper, we consider such a zeta function for the space of binary forms
of degree d. Our main theorem is Theorem (6.12). As the reader will see, our result
does not determine all the poles of the zeta function. Also at present, we do not
know how to deduce density theorems for orbits from the knowledge of the poles
and the residues of the global zeta function.

1. BASIC DEFINITIONS

Throughout this paper, k is a number field.

In this section, we consider the space of binary forms of degree d > 4, and
define the zeta function and related notions. The cases d = 2,3 were considered by
Shintani, Wright, and the author (see [5], [6], [8], [9])-
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We basically follow the notations of [10], but we recall the most basic ones. If
f, g are functions on a set X, f < g means that there exists a constant C' such that
|f(x)] < Cg(x) for all z € X. We also use the classical notation z < y when y is
a much larger number than z. We hope the meaning of this notation will be clear
from the context. The ring of adeles (resp. the group of ideles) over k is denoted
by A (resp. A*). For a vector space V over k, V, is the adelization. We define
Ry ={z €R |z >0}. For A € Ry, ) is the idele whose component at any infinite
place is AT and whose component at any finite place is 1. Let |z| be the adelic
absolute value of x € A. For any place v of k, let k, be the completion of k with
respect to v, and |x|, the norm on k,. Then [A| = \. Let Al = {t € A* | |t| = 1}.
We normalize the measures dt,d*t on A, A! so that the volumes of A/k, Al/k*
are 1. Let du be the usual Haar measure on R. We use the measure d* = p~'du
as the measure on R.. We use the measure d* ud*t for (u,t) € Ry x Al =2 AX,
We fix a non-trivial character ( ) on A/k.

Let V = Sym?k? be the vector space of degree d forms in two variables v =
(v1,v2). When d is even, we put d = 2d;. The vector space V' can be identified
with k%1 by the following map

f) = folvi,v2) = 2ovs 4 - -+ 2gv§ — (20, -+, T4)-
The group GL(2) acts on V from the left by the formula
(9- ) = flvg).

Let G; = GL(1),Gy = GL(2), and G = G; x G2. We consider the ordinary
multiplication by elements of G; to V. This defines an action of G on V.

Let T» C G2 be the subgroup of diagonal matrices, and No C G2 the subgroup
of lower triangular matrices with diagonal entries 1. We define T'= G; x Ty and
N = {1} x Na. Then B = TN is a Borel subgroup of G. For : = 0,--- ,d, let y; be

the weight of x;, i.e. the i-th coordinate of t(xq,- - ,zq) is v;(t)x; for t € T.
We write elements of T5, N2 in the following manner:

a,(t):a(tl,tg):(% 2) n(u)z(i ?)

We identify n(u), a(t) with (1,n(u)), (1,a(t)) € Ba and use the same notation. For
t1,t2 € AX and 2 = (21, 22) € C?, we define a(t1,t2)* = [t1]*'|t2|*2. Let

GY = {g2 € Gau | |det go| = 1}, GY = A x GY,,

BY, = GY, N Bay, By = A' x BY,,

BY, = {a(t1,t2)n(u) | t1,t2 € A", u € A}, B = A x BY,,

T) =T, NBY, T? =Ty N BY.
We define G, = A% x GY, ¥ Ry x GY and By = Ry x BY. The group Gy acts
on Vj also. Throughout this paper, we express elements g € Ga, ¢° € GY as

g= (Nt g2), g° = (t,92), where A € Ry, t € Al and go € GY,.
Let K be the usual maximal compact subgroup of Gy i.e.

KnGu= [] 0@ x [] U@ x J] GL2 0v)
vEMR vEMc vEM ¢

(A* has a unique maximal compact subgroup). Let dk be the measure on K such
that [, dk = 1. Throughout this paper, we express elements of T}, Tf, B}, B},
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and EA as
to = (tv a(ﬁtlvﬂ_lb))a ?O = (tv a’(tla tQ))a
b0 = %n(u) = n(ue)t®, b° =1n(u) = n(Tg)t°, and b = (A, b°),

where t,t1,t, € A,y € Ry, u € A, and ug = H_2t1_1t2’u, Uy = tl_ltgu respectively.
The group GY has the Iwasawa decomposition G§ = KT N,. Let

9° = k(g")(t(g°), a(t(g°))n(u(g®)) = k(g°)(t(g°), alt1(g"), t2(g")))n(u(g"))

be the Iwasawa decomposition of the element g° € GY.
We use the measures

d*t0 = dtd*t1d* ty, d*t° = d* ud*t°,
db® = &t du, dv° = p2d*tdu = d*t°dug, and db = d* \db°

on T9, T?, BY, BY, and By respectively. We use the measure dg® = dkdb® as the
Haar measure on GY. Let dgs be the Haar measure on GY, such that dg® = d*tdga,
where d*t is the measure on A' we defined earlier. We use dg = d*Adg° as the

measure on Gy.
Let (i (s) be the Dedekind zeta function. As in [7], we define

Zu(s) = 1Al (3T (£)) " (@m)*T(s) ™ Guls)

where Ay is the discriminant of k. Let ¢(s) = ZkZ(’“T(i)l) We define
R

dYy = L
Zk(2),an Ly =p

Ry, = Res Zi(s), 0 =Resg(s) =

The volume of G /G, with respect to the measure dg® is Us. For a character w of
AX/E*, we define §(w) = 1 if w is trivial, and §(w) = 0 otherwise.

We defined the notion of k-stable points in Definition (3.1.3) in [10] only for
prehomogeneous vector spaces. However, the definition applies to general repre-
sentations without any modification. For example, in our case, a point x € Vj
is semi-stable (resp. k-stable) if it has no factor of multiplicity > [§] (resp. no
k-rational factor of multiplicity > [%]). Note that if 2 has a factor of multiplicity
> [5], that factor is rational over k. We denote the set of semi-stable points (resp.
k-stable points) by V7 (resp. V). It is clear from this definition that V& = V7 if
n is odd. When d is even, we define V35 = V»® \ V and call it the set of strictly
semi-stable points.

For any vector space W over k, let &/ (Wy), #(Wy, ), and (W, _,) be the space
of Schwartz—Bruhat functions. For ® € . (V,), we define

(L1) O (@,5) = 3 0(F), Ovu(@,5) = > @(Ga).

€V eV,

Let w = (w1, ws) be a character of (AX/k*)2. For g = (A t,92) € G, we define
w(g) = w1 (t)wa(det g2). This defines a character of Ga /Gk.
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Definition (1.2). Let w be as above. For ® € .%/(V) and a complex variable s,
we define

(1) Z(®,0,5) = /G o V@O, 5)d5
2) Zu@wis) = [ Nw(@)er (@0
A>1

By the proof of Proposition (3.1.4) in [10], (1) converges absolutely for Re(s) > 0,
and (2) is an entire function.

Let (%) be the binomial coefficient. We define a non-degenerate bilinear form
[, ]/ on Vi by the formula

NS

el =3 ({)
1=0

for x = (zg, -+ ,zq) and y = (yo, -+ ,y4). Easy computations show that [gex,y]" =

> . We define

0, -
[z,%goy] for all x,y. Let v = (1)

1
0
[:z:,y] = [x,uy]/, EL = (A_lvt_lvy_ltggly)'

Then [gx,y] = [z, (g*)1y] for all x,y € Vi. For & € .#(V4), we define the Fourier
transform @ of ® by the formula

B(x) = /V B(y) [z, y])dy.

It is casy to see that the Fourier transform of the function ®(§- ) is A=+ (G- ).
For A € R, we define @) (z) = ®(\z).
Definition (1.3). For ®,w, and s as above, we define

W e A1 D S TR SR ) P

€V \VP zE€VE\V$
1
(2) I(P,w,s) :/ M@y, w)d* N\
0
By the Poisson summation formula,
Z(P,w,s)=Z4(P,w,s)+ Z+(§>,w_1,d—|— 1—35)+1(P,w,s).

For i > [4], we define

%

——
Y—zk:{x:(oa 70,.’Ei,"' 7(Ed)|$i,"' 7xd€k}7
ok ={z €Y |z €k},
7 d—i—1
—— ——
Zi, ={x=(0,---,0,2;,0,--- ,0) | z; € k},

Z-Sz:{$€Zik|ZIJiEkX}.

Let Si = GLY,3; for i > [%] Then it is easy to see that Sii = G xp, Y.
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Suppose d is even. For d; + 2 < i < d, we define

d i—di—1
4 e

}/St»ik? = {(07 ,0,.’Ed1,0,"' 70,.’Ei,"' 7(Ed) | TdysTiy'** ,Td € k},
Yt = {z € Yarr | 24y, i € kX3,

d1 i—dy1—1 d—1
ZSt7ik = {(07 707xd1707"' 707:1:7;70,"' ,0) | €T; S k},
Z5% ik =12 € Zaik | xay, v € K™},

dy dy
/ — ——

ZOk = {(07 ,0,.’Ed1,0,"- 70> | Tdy S k}7

Z'5. ={x € Zy, | wa, € k*}.

Let Set ix = Gkifsifik for dy +2 < i < d. Let H the subgroup of G generated by T

and v. Then it is easy to see that V3, = Gy x g, Z’BﬁC and Sgt i = Gi X1, Y:jzk
The following lemma is easy to verify, and the proof is left to the reader.

Lemma (1.4). (1) Ifd is odd, Vi \ {0} = V¢ H[%]di Sik.-

(2) If d =2dy, Vi \ {0} = VP [TV, Hd1<i§d Sik Hd1+2§i§d St k-

For ® € .%(V,) and § € G, we define

revs
GS,i(q)ag) = Z q)(gx)u

TESk
04@.0)= Y ¥,

€Z',

We define Oy, ,(®,9),0Os., ,(P,g) similarly.
For later purposes, we define an operator M,, which is similar to the one in [8].

Definition (1.6). For ® € .(V,) and w as above, we define
M,®(x) :/ w(det k)P (kx)dk.
K

The operator M, ®(x) satisfies similar properties to those in Lemma 5.1 in [8].
It is easy to see that Z(®,w,s) = Z(M,®P,w,s). So for the rest of this paper,
we assume that & = M P.

2. ESTIMATES OF THETA SERIES

In this section, we define and estimate various theta series. Let C' C A! be a
compact subset which surjects to A'/k*. Throughout this section, we consider b
such that t,t1,t2 € C.

Let i be a positive integer. For any N > 0 and A = (A1,---, ;) € R’ , we define

rd; n(A) = inf()\fN e ,\?EN)’

where we consider all the possible =+.
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d . . ’_}H . .
Let [§] <i < j <d, and z = (0,---,0,2;,--- ,24). Since n(u) is a lower
triangular matrix, n(u)x is of the form

%

——
0,--+,0, 24, i1 + Piit1, - T + Did),
where p;; = p;;j(z,u) € A does not depend on z;,--- ,x4. So

~ e
br = (0,0, M7 (") @i, A1 (10) (@ig1 + pize1), -+ A7a(°) (wa + pia))-
We define
Aij (b, 2) = My ()i, M1 (1) (@i + Diir)s -+ » M1 (L) (@1 + Pij—1))-
In other words,

i d—j+1
br = (0,---,0,A4;;(b,z), ")

(Aii1(b,7) = Avi(t%)z;.)
Let
i d—j+1
—— ——
}/ijk == {(07 aovxiv"' axj—laov"' 50) | Ligy 3 Tj—1 S k}a
Vi = {o € Yige | 2 € k).
Definition (2.1). Let 4 <i < j < d. For ¥ € .#(A7~"*!), we define

0, (W, b) = > W(Ay(b, ), Ay (t°) ) (—aypis (x, 1))
€Y/,
I]‘ka

Note that ©;;(¥,b) is a function on By /Bj.
Proposition (2.2). For any N > 1,

0.2, < A—G=IHN=2) Qi—N=(2~d) i)\ <1 <1,
R rda, N (A, ) otherwise.

Proof. By Lemma (1.2.8) in [10], for any Ny, Ny > 1,
j—1
19 (U, b)] < (Aud=2) =N (\ud=27)N2 H sup(1, A\~ tp2l—d).
I=i+1
If A >1,u > 1, choose N1 > N3 > 0 and (2¢ — d)N; < (2j — d)N>. This is
possible because 2j—d > 2i—d > 0. If A > 1,4 <1, choose N1 > 0. If A < 1,u > 1,
choose Ny > 0. If \,u < 1, choose Ny = 1. Then, since A™'p?~¢ < A~ for
I=i+1,---,5—1and A~! > 1, we get our estimate. O

Next, we define another type of theta series when d = 2d;. Let d; +2 <7 < d,
and

dy i—dp—1
—— ——
T = (07 707'1:111707"' ;vaiv"' ,J?d)-
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As before, n(u)x is of the form

dy
/ \ i—dy—1
(07 e ,07$d170d1+1$d1’u, 5, G124, U y L + Qiiy 5 Td + qid)7
where ¢; = (zilil)a ¢ii = cirg,ui~ % and ¢ = ¢ir(x,u) € A does not depend on
Ty, ,24. Note that cq, 41 = d;.
Let

A;t,i (57 CL‘) = (A’ydl (to)xdl s ANYdy 41 (to)cd1+1xd1u7 c LAY (to)ci—lxdl ui_dl_l)'

Then

dy d—i+1
br = (07 T 707 A;t,i(ba Jf), e )
For convenience, we define
A;t,d—!—l(g? LL‘) = (A’ydl (to)xd17A7d1+1 (to)cd1+lxd1u7 T 7A’7d(t0)cd‘rd1ud1)'

Note that A;t)i(g, ) depends only on b, 24, for all i.
For dy +2 <i < j <d, we define

Ase,ij (b, @) = (AL (0, 2), My () (@i + qia) -+ =1 (0 (@j—1 + qij—1))-
Let

dy i—d1—1 d—j+1
P —— ——
}/St-,ijk = {(07 507xd1705"' 707331'3"' 7xj—1703"' 70) | Ldyy Liy " 3 Tj—1 € k}v

Y ie = {2 € Yavijn | 2ay, v € KX}

S

Definition (2.3). For ¥ € .7 (A7~%+1) we define

Outij(U,0) = D> W(Asij(b, ), A (1)~ ) (—53 (x, u)).
€YY, ik
T €k>

Note that @St_’ij(\ll,fl;) is a function on EA/Tk.
Proposition (2.4). There exists a Schwartz—Bruhat function 0 < ¥ € Z(A?)

such that for any N1, No > 1, O ;;(¥,b) is bounded by a constant multiple of

j—1
(A2pd=20) =M =20 N TT sup(L A1) > 0/ (A, , A~ 2wa ).
l=i+1 Td, ckX
Proof. Let
Zst7ij (A7M; ’LL7.T) _ (Aﬁd_2i(xi + Cﬂ'dl Ui_d1)7AHd_2i_2xi+1, . 7AHd_2j+2xj—l)-

By Proposition (1.2.3) and the proof of Lemma (1.2.7) in [10], there exists a

Schwartz-Bruhat function 0 < ¥y € ./(A?), such that Oy ;;(¥,b) is bounded by a
constant multiple of

Z \IJI(A;t)i(,ga 1')7 Zst,ij(Aa M, U, il'), A_lﬂzj_dxj)'

’
TEY 4 ik

:cjekx
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There exist Schwartz—Bruhat functions
0< Uy e LAY 0< W3 e LA, and 0 < Uy € S(A)
such that
Ui(zgy, - x5) K Uoxay, - ) Us(@ig1, -+, xj—1)Valzy).

Let
j—1

hav, (A i) = 2N T sup(1, A7 ).
l=it+1

By Lemma (1.2.8) in [10], for any Na > 1, O ;;(¥,b) is bounded by a constant
multiple of

I, (A, ) Z \IJQ(A;t)i(E, ), A (@ + cima, u' M),
Td, i, €EkX
Let Bst,i(A, pt, u, ) be the following vector

d—2i+2

(Aza,, Ap~?dyza, u, A cim1Za, u T A\ (@ + g utT ).

Note that B i(A, pt, u, ) depends only on A, u, u, x4, , x;. We denote the finite part
and the infinite part of By (A, i, u, ) by

BSt>i,f()\7 oy Uy I‘), Bst,i,oo(A, M, U, IE)

respectively.
There exists a Schwartz-Bruhat function 0 < U5 € .%(A*) such that

\IJQ(A;t)i(FI;, ), M (2 + g, u ™M) < Us(Bg,i (A, 1w, 7).
So we consider

Z U5 (Bst,i (A, py u, x)).

Taq,wi€kX

There exist Schwartz—Bruhat functions 0 < ¥g € S (A%) and 0 < ¥, € S (A?)
such that

\115(:1;(11 ) xdl—‘rla Ti—1, xz) < \Ilﬁ(xdl ) $d1+1, Ti—1, $i>lp7(xd1 ) d1_1$d1+1).

So we only have to prove that for any N3 > 1,
def
(25) @(\IJG,A,H,U,JJdl) = Z \Ilg(BSt,i()\,u,u,a:))

x;€EkX
< ()‘QNd_2i)_N1 i
We fix x4, € k™. There exists an open compact subgroup U; C A such that
\Ilﬁ(l'dl y Ldy4+1yLi—1, 171) == O

unless z;p € Uy forl = dy,d1+1,i—1,4 (7 is the finite part of x;). There exists an
open compact subgroup Uz C Ay, such that y, z € U; implies yz, dl_lcici__llyz € Us.
Let Ly = Uy Nk, Ly = Uy Nk. Then in the above sum, we only have to consider
terms which satisfy

i—di—1 i—d
Zd,, diTq, Uy, Ci1%d, Uy Ty + cira,uy e Us.

(uy is the finite part of u.)
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But then
X, i = g, (T; + cixdlu?_dl) - dl_lcici__lldlxdlufci_lxdlujc_
€ (U2\{0})nk =Ly \ {0}
Therefore there exists a Schwartz—Bruhat function 0 < Vg € S (AL) such that

@(\IJG,A,H,U,xdl) < Z \IJGOO(BSt,i,OO(Aa,U/auv:E))-
mdlwieLg\{O}

di—1

Let Mg, Mc be the set of real places, imaginary places respectively. For z € A,

we define
[2lloe = D |+ 3" jal, .
vEMR vEM¢

Since Vg, is rapidly decreasing, for any Ny > 1,
(L+ [|zg, zi — di "eic;  @d,+1%i1 [|oo) ¥ Yoo (Tdy  Tdy +1, Tiz1, T7)
is bounded. So the above sum is bounded by a constant multiple of
Yoo AT g weo) N
@y 2:€L2\{0}

By the integral test, we get the desired estimate for O ;;(¥,b). Note that if
Ny > 1,

inf(1, \™M) < inf(1,A™M)

for all 1 < M < Nj. Also note that the right hand side of (2.5) does not depend
on T, . (]

The proof of the following proposition is similar to that of (2.2) assuming (2.4),
and is left to the reader.

Proposition (2.6). For any N > 1,

_ A—(G—i+2N) Qi) N=(2j—-d)+2 i\ < |, < 1
/ |®st7ij(\117b)|du < : Zf - ',,U -
A rde, v (A, 1) otherwise.

Definition (2.7). For ¥ € . (AJ~4+1) we define
Ot (U, ) = Z (AL (0,2), A (@ + cia,ui™ ™).

z€Z'3,
Iiekx

Note that @St’i,l(\ll,fl;) is a function on EA/Tk.
By a similar method as in (2.4), we get the following estimate.

Proposition (2.8). There erists a Schwartz—Bruhat function 0 < ¥’ € .7(A?)
such that for any N > 1,

Out,i1 (U, b) < Z U (Azay, A g, u) (A2 pd =20 =N,

Idlekx

We get the following proposition by Lemma (1.2.6) in [10].
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Proposition (2.9). For any N > 1,
/|@St)i71(\1/”5)|du < /\—(2N+2)Iu(2i—d)N+2
A

Definition (2.10). For ¥ € .7 (A/~%+1) we define
Ost.i2 (¥, b) Z W (AL 4 (b, ), A 2 ) (g, wpu' D).

z€Z'y,
wiekx

Note that @stmg(\ll,g) is a function on EA/T;.C.

Proposition (2.11). There exists a Schwartz—Bruhat function 0 < ¥’ € .7(A?)
such that for any N > 1,

@St*W(\P’fg) < Z ‘I’/(Axdl7Ag_2xd1u)()\ud_2i)N.
Id1€k><

Proof. There exist Schwartz—Bruhat functions 0 < ¥ € #(A?) and 0 < ¥; €
& (A) such that

W (AL i (b, @) € W' Mgy, Ap 2, ) U (A ).
So Proposition (2.11) follows from Lemma (1.2.6) in [10]. |

By (2.11), we get the following proposition.
Proposition (2.12). For any N1, Ny > 1,

/ |Ost.5.2(W, b)|du < A~ (N1=Nat1) ) (d=20) N2,
A

3. UNSTABLE DISTRIBUTIONS

In this section, we define distributions which will be needed later, and prove
their convergence.

First, we recall the definition of the Tate zeta function. For ¥ € ¥ (A), w is a
character of A*/k* ¢t € A*, and s € C, we define

@1(\Ilvt) = Z \If(tdj),

r€kX
(Y, w,s) = / w(t)|t]*d*t.
AX kX

Properties of X1 (¥, w, s) are well known.
For the rest of this section, w = (w1, ws) is a character of Gy /Gy.

Definition (3.1). Let ® € (Va), © = (24, ,xj_1) € AV z; € A, y =
(yj, - ,Ya), and dy = dy; - - - dyq. For di <i < j <d, we define
~ —_—
Ad—i+1
(2) Rij®(z) = Rij®(z,0).

For convenience, we define

Rid-i—lq)(z) = (I)(Ov o 70758)'
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Definition (3.2). Let [¢] < i < j < d. For ¥ € Z(AI""1) X\ € Ry, and a
complex variable s, we define
i (W, w, A, 8) :/ 1w (b2)0,; (T, (A, 0°))db°.
Bf /By
By (2.2), we get the following proposition.
Proposition (3.3). For a fized A\, £,;(V,w, A, s) is an entire function of s and is
bounded on any vertical strip.

Note that A;;11(b, z) does not depend on w and (—x;pi;+1(z,u)) is a non-trivial
character of u € A/k. Therefore, ¥;;11 (¥, w, A, s) = 0.
For the rest of this section, we assume that d is even, i.e. d = 2d;.

Definition (3.4). Let d; +2 <i < j <d. For ¥ € S(AJ=4+) N € R, and a
complex variable s, we define

Est,ij(qja w, )\7 8) = / Msw(bo)(—)st,ij(qju (A7 bo))dbo
Bf /By
By (2.6), we get the following proposition.
Proposition (3.5). For a fized A, gt ;;(V,w, A, 8) is an entire function of s and
is bounded on any vertical strip.
Let d =2d;, di +2<i<d.

Definition (3.6). Let d; +2 < i < d. For ¥ € S(A=“+) X\ € Ry, and a
complex variable s, we define

S (WA 9) = [, i w0)0u i (W, (4 8)) .
pn<l1

By (2.9), we get the following proposition.

Proposition (3.7). For a fized \, Egt,:.1(¥,w, A, ) is an entire function of s and
is bounded on any vertical strip.

Definition (3.8). Let d; +2 < i < d. For ¥ € (A%t X\ € Ry, and a
complex variable s, we define

SV A9) = [, i w0)0u iV, (0 8)) .
pn>1

By (2.12), we get the following proposition.

Proposition (3.9). For a fized \, Egt,:2(¥,w, \, ) is an entire function of s and
is bounded on any vertical strip.

We recall the fundamental domain for G /Hj,.
Definition (3.10). For u € A, we define a(u) = |t; (*n(u))|.
Note that if u = (uy)y € A, a(u) =[], aw(uy) where

(1 + |uy|2) 2, v is a real place,

ap(uy) = < (1 + |uyly) 7L, v is an imaginary place,

sup(1, |uy ;1) 7L, o is a finite place.
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Proposition (3.11). We define
X ={g" € G | [t1(¢")] = Va(t1(g°)~ t2(g%)u(gP))}-

We proved in Proposition (2.6) in [9] that for any measurable function f(g) on

GK/HIC’
/ f(g)dg = / f(g9)dg
G9/Hy, Xp /Ty

if the right hand side converges absolutely.

Definition (3.12). For ® € .¥(V,4) and complex variables s, s1, we define

(1) Tv(fb,w,s,sl):/ ()0 (W, d(N)n(ue)T )N a(up)* dX AdbP,
R+><Bg/Tk

(2) Ty (®,w,s 1) = / w(E0)0 2 (W, d(\)n (o) )N a(ug)* d* AdD,

R+X§§/Tk
A>1
3) TL(P,w,s1) = / W(E®)O (T, n(up)T0)(u1p)* d* A
BX/Tk
By the same argument as in Proposition (2.13) in [9], we get the following propo-
sition.

Proposition (3.13). Let € > 0 be a constant. Then the integral (3.12)(1) con-
verges absolutely and locally uniformly for Re(s) > 2 + ¢, Re(s1) > —¢, and the
integrals (3.12)(2) and (3.12)(3) converge absolutely and locally uniformly for all
S,81.

Definition (3.14). We define

d
Ty (P,w,s) = — Ty (®,w, s, s1),
dSl 5120
d
TV+((I)7W38) - S TV+((I)7w75751)7
dSl 51=0
1 d 1
Ty (P,w) = — Ty (P, w, s1)
dSl 5120

4. THE SMOOTHED EISENSTEIN SERIES

In this section, we define distributions related to the smoothed Eisenstein series.
Let z = (21,22) € C?, and 21 + 22 = 0. The point p = (3, —3) is known as half
the sum of positive weights. The Eisenstein series of G9, for B, is defined as

E(g2,2)= Y. alta(g27)t1(927))"""
vEG /By

for go € GY,. For the analytic properties of E(gs,2), see [8], [10].

We identify the Weyl group of G with the group of permutation matrices in Ga,
which can be identified with the permutation group of two numbers {1, 2} also. If
7 is such a permutation and z = (21, 22) is as above, we define 72 = (2,1, 27(2))-
In our situation, 7 is either 1 or the transposition (12). It is proved in Lemma
(2.4.13) in [10] that E(ge,2) = E(g4,2) (g5 is defined in §1). Note that v in this
paper corresponds to 7¢ in Lemma (2.4.13) [10], and —vz = z if 21 + 29 = 0.
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Let 1(z) be an entire function of z such that

sup (14 [2)M[p(2)] < o0
c1<Re(z)<c2
for all ¢; < ¢3, N > 0. For a complex variable w, we define
¥(2)
Ayp(w;z) = ————.
(w3 2) gy p——

When there is no confusion we drop ¢ and use the notation A(w; z) instead. Note
that A(w; p) = %.
Definition (4.1). For a complex variable w, we define

éa(govwvw) E(gg,z)Aw(w,z)d(zl - 22)'

i

2ryv/—1 1<Re(z1 —2z2)=¢<Re(w)
The function &(g°, w,) is called a smoothed Eisenstein series. When there is

no confusion we drop 1 and use the notation &(g",w) instead.

Definition (4.2). Let f(w),g(w) be holomorphic functions of w € C in some
right half plane. We use the notation f(w) ~ g(w) if f(w)— g(w) can be continued
meromorphically to {w | Re(w) > 1 — €} for some ¢ > 0 and is holomorphic at
w = 1.

Let ©Q C Eg be a compact set and > 0 a constant. A set of the form
6 = {ka(p,p "n| k€K, p>n, ne}

is called a Siegel set. We choose (2 large enough and 7 small enough so that &°
surjects to GY /Gy

The following proposition was first proved for GL(2) (which is all we need in this
paper) by Shintani in [5] and later generalized to GL(n) by the author in [10].

Proposition (4.3). (1) If f(¢°) is a function of ¢° € G /Gy, such that there is a
constant r < 2 and

Fka(p, g~ n(w) < "
Jor ka(p, p=)n(u) € &°, the integral
/ Fl9)&(g°, w)dg®
G/Gxk

becomes a holomorphic function for Re(w) > 1 — e for a constant € > 0 except
possibly for a simple pole at w = 1 with residue

o) [ S

(2) If £(g°) is a slowly increasing function of g° € GY /Gy, the integral
/ F(g*)&(g°, w)dg°
G? /Gy

becomes a holomorphic function on a certain right half plane.
(3) If wa is a character of A /k*,

/ w(g)E (6", w)dg® = 6(w1)6(wn)A(ws p)
G /Gy

(w = (w1,w2)).
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We included the first factor A! in the statement instead of considering just GL(2),
but it does not make any difference because Al /k* is compact and the volume of
Al/k* is 1. Roughly speaking, this proposition says that we can multiply & (g, w)
to any slowly increasing function and make it integrable if Re(w) > 0. Moreover,
if the function is integrable to begin with, the resulting integral, as a function of w,
has a simple pole at w = 1 with residue a constant multiple of the original integral.
This is the key idea to separate contributions from strata.

Let I(®,w,w) be the following integral

w(a® P 0yt ) — 0, 0 w)da.
/GR/Gk (97) Z ®((g") ) Z ®(g°2) | &(g°, w)dg

Vi\Vg Vi \V§E
By (4.3),
1(®,w,w) ~ oA(w; p) (P, w).

Definition (4.4). For a complex variable w, we define

(1) 1(®,w,w) = / w(g")0s, (@, )8 (g, w)dg,
GY /Gy

(2) L i (B, 0, w) = / 0(g")Os. (2,696 (g0, w)dg,
/G

3) L (®,w,w) = / w(g")Ovss (B, 608 (g, w)dg",
/G

(@) Ip@w) = 8(0) [ w(g")E(° wig

G /Gy

where [4] <i < din (1), and d is even (d = 2d;) and dy +2 < i < d in (2).

Since O3, (®, g%) etc. are slowly increasing functions, by (4.3), the above inte-
grals converge absolutely if Re(w) > 0. Since E(gs,2) = E(ge,2) for go € GY,,
&(g°,w) = &((¢°), w) for g° € GY. Therefore, by (1.4),

(45)  I(®w,w) = Lg(@,0 " w) — I4(®,w,w)
+ Z (I;(®,w ", w) — I;(®,w, w)) if d is odd,

+ I (B, w0 w) — Iy (P, w, w))
+ Y Tai(®@w ™ w) — L i(@,w,w)) if d = 2.

di+2<i<d
By (4.3)(3),

(4.6) Iy (@, 0, w) = §(w1)d(w2)P(0)A(w; p).
We study each term of the right hand side of (4.5) in §§5,6. For the rest of

this section, we consider estimates of the smoothed Eisenstein series, and introduce
notations similar to those in §3.6 in [10].
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The function &(g° w) is defined on GY/Gy. So we can consider its Fourier ex-
pansion. We denote the constant term and the non-constant term of the Fourier
expansion of &(g", w) by &(g°, w) and & (¢g°, w) respectively. The following lemma
is a special case of Proposition (3.4.30)(1) in [10] (it also follows easily from Propo-
sition (2.3.26) [10]).

Proposition (4.7). Let § > 0. Then for anyl > 1,
E1g w) < [ta(g)t2(g”) 72
for ¢° € GY, Re(w) > 1—6.

In Proposition (3.4.30)(1) [10], we only have the part t(g°)(Ta+r=51()) and v =
1,7 = (12), and s7(l) consists of a single number [ > 1. Then we choose ¢ close
enough to the origin. Note that p contributes % in the above proposition. In this
paper, we don’t exactly need the above precise bound [ > 1. Since the formulation
in [10] is quite general, the reader may see [8] for a similar estimate also. Even
though the statement in [8] is not the optimum one, a careful application of the
argument in [8] implies the bound in the above proposition.

The Weyl group of G is &5 (the permutation group of {1,2}). Let 7 be a Weyl
group element, i.e. 7 =1or (12). Let s; = 20 — 21 if 7 =1, and s, = 21 — 29 if
7 = (12). Let ¢(s) be the function we defined in §1. Let M (s,) =1if 7 =1, and
M. (s;) = ¢(s;) if 7 = (12). For a fixed 7, any function of z can be considered as a
function of s;. So we define A, (w;s,) = M, (s,)A(w; z), where we consider A(w; 2)
as a function of s.. Explicitly,

~ Y(—=F5r,380) _
AT(w;ST) = wti(‘rls ’_LS ) = 17
o(s,) L2t - (19),

Suppose g = (t, g2), where gy = ka(ut1, p~t2)n(u) is the Iwasawa decomposi-
tion and ¢,t;,t2 € Al. Then

éao(govw) = Z

7=1,(12)

1

1—s, A
e w A (w; sy )dsy.
2rv/—1 Re(w)>Re(s,)=r>1

This is the reason why we introduced the above somewhat general formulation.
Even if we are dealing with the simplest possible non-trivial group GL(2), this
formulation has an advantage that the right hand side of the above formula can be
treated simultaneously for 7 = 1, (12). Since we are going to deal with many terms,
without this formulation, we may have to write two terms each for contributions
from the constant term &y(g", w).
For a complex variable s, we define
1 1
Alw; s) = M

w—s
Proposition (4.8). For any € > 0, there exists § > 0 and |c1],|ca| < € such that
foranyl > 1,

16(9°,w) — oA (w; p)| < [t1(g°)] [t2(g°)]°2 + [t1(g°)t2(g°) ]!

for g € G%, Re(w) >1—4.
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Proof. By (4.7), we only have to consider the difference between &(¢°, w) and

oA(w;p). If 7 = 1, we can choose r close to 1 and A, (w;s,) is holomorphic at

w=1. Ifr=(12),
1

1—s- A
— w A (w; sy )dsy
2ryv/—1 Re(w)>Re(sr)=r>1

= oA(w; p) + —=— 5 A (w; s )dsy.
2rv/—1 Re(w)>Re(sr)=r<1

Then we can choose r < 1 close to 1. O

In §85,6, we consider contour integrals of the form fRe(ST):T oo A (w; 87 )dsy
We assume that whenever we consider such an integral, we only consider w such
that Re(w — (21 — 22)) > 0. This ensures that the denominator in A(w; z) is non-
zero. This condition is satisfied if Re(w) > —r (resp. Re(w) > r) if 7 = 1 (resp.
T =(12)).

5. CONTRIBUTIONS FROM UNSTABLE STRATA

In this section, we consider each term in (4.5).
We define

(5.1) 0i(w) = 5(w2wi_d)5(w2wl_i),

0
Y5, (P, w,87) = ) b} <Riz‘+1‘1’,w1,

: —sr — 14 (i+1)(d—1)
2 —d )

d—2i
i i+ 1)(d—1) — 2
ESI.((I),U)) = 22 (:u)dEl (Rii+1<1>,w1, (Z zl(— 222) ) .

Proposition (5.2). For [2] <i<d,

i+1<5<d

Proof.

(@ ww) = [ w(g)0s (0,6)8(6" widg’

G /G,
=/ w(g”)Oy, (@, ¢°)& (", w)dg”

G{/ By,
:/ w(®?)Oy, (®,6")&(1°, w)db°.

BY /By

Note that

Oy, (2,0%) = > O(Aig(t°, 2),7a(t%) (wa + pialx, u))).

€Yy
Ty€k

We will apply the Poisson summation formula with respect to the variable xg.
Fixing x;,--- ,24_1 and b°, the partial Fourier transform with respect to x4 of
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O(Aia(b%, 2),7a(t%) (xa + pia(z, 1)) is

A0, 2),7a(t°) (y + pia(z, u))){zay)dy

\

- <—xdpid<x,u>> /A (A1, 2), 7a(t0)y) (zay) dy

= (—zapia(z,u))p " Rig®(Aia(b°, ), 7a(t°) " 24).
Therefore, applying the Poisson summation formula to the variable zg4,

Oy,(2,0)) = > (—wapia(w, w))p~* Ria®(Aia(t’, 2), 7a(t*) " za)

TE€Y gy,
xq€k

:H_d@id(éijfpabo) + Z 1 Riq®(Aia (0%, 7).

€Yy,
Continuing this process,

Oy, (,b°) = Z Nj(d_ﬁl)@ij(ﬁijq’abo) + p N (R g @, 74 (0)).

i<j<d
(If ¢ = d, we do not have the first term.) Note that

’uj(d—j-'-l)M?(j—l)—d - M(j—l)(d—(j—1)+1) .

By (2.2) and (4.8),

/ Wb IV, (R ®, 0°)E (60, w)db°
BY/ By,

~ / w(bo)uj(d_jH)@ij(Eij(I),bo)dbogA(w;p)
B /By,
=% (Rij®,w, 1,5(d — j + 1)) oA(w; p).

Note that ;41 (Rip1®,w,1,75(d—j+1)) =0. _
Let 7 be a Weyl group element. Since v;(t%) = Ed_%ttf_zté and w(t®) =
w1 (t)wg(tltg),

/ w(®)p = TN, (R 1 B, 4 (t0))db°
BY/ By

:/ w(tO)p= o THEDED O (R 1y ®, 7, (t°) ) dt°
T /Ty
=35,(P,w,s,)

if Re(s;) > 0.
Therefore,

/ W) EDO, Ry s @, 71 (1)) (80, w)db
BX/B;C

1 ~
= — Y5, (P, w, s7)Ar(w; s7)dsr.
212) 2my/—1 Re(s,)=r>0
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Ifr=1,

1

— S5, (®,w, s7)A s (w; sy )dsy ~ 0.
277\/__1 Re(s;)=r

Suppose 7 = (12). It is easy to see that % #0,1 for [¢] < i < d (we are
still assuming d > 4). Therefore, by moving the contour to the left as usual,

1 ~
— E5,(P,w, 87 )Ar(w; s7)dsr ~ B, (P, w)oA(w; p).
2my/—1 Re(sr)=r

For the rest of this section, we assume d = 2d;.

Proposition (5.3). Fordy +2 <i<d,

Ist,i(q)awaw) ~ Z Estﬂ:j(ﬁij@JwJ 17](d - j + 1))QA(w7p)
i<j<d

+ / w(bo)ﬂ(iﬂ)(d_i)@sm,l (Ra,i11®,02)& (0, w)db®.
BY /Ty,

Proof.
Lo, (@ w,w) = / w(9")Os.,.,(®,9°)& (9", w)dg"
G /Gy Y
= / w(g”)Oy., . (®,9")& (g%, w)dg®
G{/ Tk
= / w()Oy., ,(®,62)E1°, w)db°.
BY /Ty Y
Applying the Poisson summation formula to x4, - - - ,x;11 successively,

G)/st,'i (q)v bo) = Z Mj(d_j+1)®st,ij (ﬁahjq)v bo) + M(H_l)(d_i) 65‘571',1 (Rd1i+l (I)a bo)
i<j<d

By (2.6) and (4.8),
/ w(bo)uj(d_j+1)®st,ij(Eijq)a bo)@@(bo’ w)dbo
BY /Ty
~ / w(®®)pIHD Qi (Ry;®, 0°)db oA (w; p)
BY /Ty
= Esmj(ﬁijq’,wa L,j(d—j+1))eA(w; p).

This proves Proposition (5.3). O
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Proposition (5.4).
d . .
/ W) uTVE=DQ 1 (Ry,i41®, b°)& (2, w)db°
i=dy+2 7 BR/Tk
d

~ Z Yat,i1 (Rayit1®,w, 1, (i + 1)(d — i) oA(w; p)
i=d1+2
d o~
+ Z Est,i,Q(Rdli(I); w, 17 Z(d —i+ 1))QA(wa p)
i1=d1+2
§(wawi ™) /
- w1()O1(Rayay +1P, t)d* toA(w;
@+ 2 1) S o 1(1)01(Ra, a4, 11, t)d* toA(w; p)
1 TL(®,w,0) ~
- ——— " p(s)A(w; s)ds,
27TV -1 Re(s)=1+46 s—1 ( ) ( )

where § > 0 is a small number.
Proof. We divide the integral into two parts
{0° € BY/Ti | p <1}, {0° € BY/Ty | > 1}.

By (2.9) and (4.8),

/o w(®) V=D 1 (Ryy i1 @, 0°)E (b0, w)db°
B /Ty w
pn<1
~ /0 W(bo)ﬂ(i+l)(d_i)9st i1(Rai1 @, bo)dbogA(w; )
By /T ™
pn<1
= Yst,i,1 (Rayip1®,w, 1, (3 + 1)(d — i) oA(w; p).

Applying the Poisson summation formula to x;,
Ost.i1 (Rayi+1®,0°) = p* = "Oti2(Ra,:®,°)
+ YT Ra®(Ay (0, 2))

/88
z€Z'E,

- Z Rd1i+1q)(A;t,i+l(bO7 95))

€25,
Since p(i+D(d=1)2i—d — i(d—it+1)

d
Z pHE=DQ i (Rayit1 @, 0°)
i=d1+2
d . . -~
= Z ul(d_l-i_l)@st,iﬂ(Rdﬂ(I)’bo)
1=d1+2
+pl DG N Ry g2 ®(A g, 10 (80, 7)) — O (D, 1),

188
T€Z'E,

5085
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By (2.12) and (4.8),

0y,,i(d—i+1) _ 0 0 0
AA/Tk w(b )’u ®St>1=2(q)v b )éo(b ,w)db

pn>1
~ Yetio(Rayi1®,w,1,i(d — i + 1)) oA (w; p).

Therefore,

Z A/Tk @) VD0, (8,008 (B°, w)db°
A

Z Est,i,Q(Rd1i+1(I); w,1,i(d —i+1))oA(w; p)

i=d1+2
+ /BO/Tk w(bo)u(d1+2)(d1—1) Z Rd1d1+2‘1’(14;t,d1+2(bo7f))éa(bo,w)dbo
321 TEZ'ES,
- [3 1, W70, (2,608, w)db.
iz
Lemma (5.5).
(1) /BO/Tk w(bo)u(d1+2)(d1_1) Z Rd1d1+2(1)(A;t,d1+2(b07x))éo(bo,’UJ)dbO
321 z€Z'E,

~ Ag/ﬂc W(bo)ﬂ(dl+2)(d1_l) Z Rd1d1+2q)(A;t,d1+2(b07$))f9@0(bo,w)dbo-

pn>1 TEZ'E,

0 0 0 0 0 0 0 0

(2) /gg/Tkw(b )© 2z (®,0°)& (b7, w)db Nﬁgg/nw(b )0 21 (®, 50) & (b°, w) b’
pn>1 n>1

Proof. There exists a Schwartz—Bruhat function 0 < ¥ € .%(A?) such that

©7(®,0°) < Z U(2q,, p*2a, ).

Tdy ekx

So
10z (@0au, [ 3 R sa® (A g o0,

IGZ/SS

are bounded by a constant multiple of p2.
Therefore, by (4.7), there exists § > 0 such that for any I > 1,

‘/Bg/Tk u(d1+2)(d1_1) Z |Rd1d1+2q)(A;t7d1+2(b07 x))éal (b07 w)ldbo

n>1 T€Z',
o0
<</ N(d1+2)(d1_1)+3_2ldxﬂ < o0,
1

/BO/Tk |925(‘I>,b0)éa(b0,w)|db0 < / U2 < oo
. 1
p>1

respectively for Re(w) > 1 — 4. This proves Lemma (5.5).
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It is easy to see that

/ Z Rd1d1+2(I)(A;t,d1+2(bO7x))du = /1‘261(Rd1d1+1q)7 tttliltgl)'
A

T€Z',
So
AK/T,C w(bO)M(d1+2)(d1—1) Z Rd1d1+2q)(Aét,d1+2(boa x))é”o(bo, w)dbo
n>1 T€Z'E,
_ /0 w(tO)M(d1+2)(d1—l)®l(Rdldﬁ_lq)’tt?1tg1)éao(t0, w)dxto
Ty [Tk
p>1
— S(wawr ™) / 01 (101 (Rayay 1 ®, 1)t
Al/kx
1 A (w;sy)
X —— ds,.
T_;(l2) 2myv—1 Re(s,)=r>0 S — 1- (dl + 2)(d1 - 1)
Ifr=1,

Ar(w;sr)
ds, ~ 0.
/Rc(s.,.)_r>>0 sr—1— (dl + 2)(d1 - 1)

Suppose 7 = (12). Since (dy + 2)(d; — 1) # 0, by moving the contour to the left as
usual,

/ Ar(w;sr) s o OAwip)
Re(s,)=r S7 — 1 — (d1 +2)(dy —1) 7 (dy +2)(dy — 1)

We consider b% = n(ug)t® € BY. It is easy to see that © z; (®,b°) does not depend

on p. Since
e K‘r 3 ST
/ (g)()(bo,'UJ)dX,Ua: Z / le)dsq_’
! r=1,(12) /Re(s)=r>1 57~

AO/T;C w(b”)O 7 (@, %) (b°, w)db°

pn>1
1 TLH®. w,0)~
= Z _— MAT(w;ST)dST,
7=1,(12) 2my/—1 Re(s,)=r>1 sr—1
Ifr=1,
1 I (®.0.0)7

——— A (w; s:)ds, ~ 0.
2my/—1 Re(s,)=r>1 sr—1

If 7 = (12), we choose r = 146 > 0 where § > 0 is any small constant. This proves
Proposition (5.4). |

Proposition (5.6).

/ w1 ()01 (R, g, 41, t)d*t —/ Wi ()01 (R, d, 419, 1)t
Al /kX AL /X

= 5(0‘)1)(Rd1d1+1(/1;(0) - Rd1d1+1(1)(0))'



5088 AKIHIKO YUKIE

Proof. Since M, ® = P, Rdldﬁl&) is the Fourier transform of R4, 4, +1® with respect
to the character ( ). Therefore, by the Poisson summation formula,

() (O1(Rayd,+12,1) = O2(Raya,41%,871) = w(t) (Raya,419(0) — Raya,412(0)).
Integrating over Al /k>, we get Proposition (5.6). O
Proposition (5.7).

[ ela8ra(@. e, wig”
G2/Gk
o1 Ty (P,w, 15°)
27TV -1 Re(s)=1+46 s—1

where § > 0 is a small number.

Proof. We consider b° = n(ug)t® € BY.

qﬁ(s)]&(w; s)ds,

/ (60O (®, g) & (g, w)dg? — / (902 (2, g°) 8 (g0, w)dg”
G /Gy GY/Hy

- / ()0 7 (B,6°) 8 (1, w)d.
XH/Tk

We show that we can ignore the non-constant term of & (b°, w).
There exists a Schwartz-Bruhat function 0 < ¥ € .%(A?) such that

®Z6(<I>,b0) < Z U(zq,,Td, Uo)-

wdlekX

So by (4.7), there exists § > 0 such that for any | > 1

[ leg@mant v < [ (g, quo) Y < g
Xi /T 20-1

Al xA

for Re(w) > 1—4. Since this integral converges absolutely by Proposition (2.13) in
[9],
/ O 7, (2,68 (°, w)db” ~ / O 2 (®,0°) & (b°, w)db.
Xu [Tk Xu /Ty

Since

1—ss

[ - 2
=/ a(uo) St~
T i l—sz = 1_ T
/ w(b%)0 4 (®,5%)a(ug) = db® = T (Cb,w, —5) ,
BO/T, 2
the above integral is equal to
1 Tl q)’w, 1-s:\
Z e —— MAT(U); Sr)ds:.
r=1,(12) 2TV =1 JRe(sr)=r=1 sr—1
Ifr=1,

1 TE(®,w, 355)
_ - MAT(M; sy )dsy ~ 0.
2myv—1 Re(s,)=r>1 sr—1
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If 7 = (12), we choose r = 1+ § where § > 0 is any small constant. This proves
Proposition (5.7). O

Since

Tl( [Rad) 155) _Tl(q)vwvo)
s—1

is holomorphic at s = 1 and the value at s = 1 is —17"(®,w), we get the following
proposition.

Proposition (5.8). Let 6 > 0 be a constant. Then

Tl 1—sy\ Tl P 0 _
27T\/ -1 Re(s)=1+4 s—1

1
~ —§T1(<I>, w) oA (w; p).

We define

> Bg(Rw

[£)<i<d
B@w) = Y Y N(R;®wljd—j+1)).
[4]<i<di+2<j<d

If d = 2dy, we define

F3(®,w) = Z Yst,ij (ﬁijq)awa L,j(d—j+1))
di42<i<j<d
+ Z Yst,i,1(Rayip1P,w, 1, (1 + 1)(d — 1))
di+2<i<d
+ Z Est,i,Q(Rdliq)vwvlai(d_i_F 1))
di+2<i<d

By (4.5) and the propositions in this section, we get the following proposition.
Proposition (5.9). (1) If d is odd,
I(®,w,w) ~ §(w1)d(w ><<T><0> <1><0)>A<w;p>

+ Z Fi(®,w™") = Fi(®,w))oA(w; p).
(2) If d = 2d;,
I(®,w,w) ~ 6(w1)3(ws)(2(0) — B(0))A(w; p)

+ D (F(®.w ) ~ Fi(®,w))eA(w; p)

i=1,2,3
6(w1)d(w2) N ,

+ m(}%dldl'i‘lq)(o) — Ra,d,+19(0)) oA (w3 p)

S T@,0) = T @, )oA ws ).
Note that d(waw; )8 (w1) = 8(w1)d(ws).
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Corollary (5.10). (1) If d is odd,
I(®,w) = 6(w1)d(wn) V(B (0) — B(0))
+ ) (Fi(@,w ) = Fi(D,w)).

i=1,2
(2) If d = 2d,,
1(®,w) = §(w1)3(ws2)Ba(B(0) — (0))

4 (E(@,w_l) — Fi(®,w))
i=1,2,3
_Ow)dlws)
(dy +2)(dy — 1)

T (@w) - TN (@07)

(Rd1d1+1q)( ) Rd1d1+1q)(0))

6. THE MAIN STATEMENT

Let [ ] <i< j<d+1. Then the following relations are easy to verify and the
proof is left to the reader.

(6.1) Oy (x,2;) = \"EITHDR B (Ax, A ),
,\(;v,xj) =\ JRucI)()\ T, Axj),
RU‘I)A(:Z?) ~[@=FtD R B (\x),
Ri;j®x(x) = /\‘JRijfb(A L2).
The following proposition is an easy consequence of (6.1).
Proposition (6.2). (1) Let [¢] <4, i+2 < j <d. Then
S (Rij®x,w,1,5(d — 54+ 1)) = A" (R; @, w, A, j(d — § + 1)),
i (Rig®x, w71 1,5(d = § 1)) = X855 (Ry®,w™ A7 G(d = j + 1),
(2) Let d =2dy, dy +2<i < j <d. Then
Sst,ij (R @a,w, 1,(d — j+ 1)) = A8 (R, @, 0, M, j(d — j + 1)),
Setij (Ray@xw ™ 1,5(d = j + 1)) = A7 Sai5 (Rayj @, 0™ AL j(d — 5 +1)).
(3) Let d =2dy, di +2 <i<d. Then
Yst,i1 (Rayit1Px,w, 1, (1 4+ 1)(d — 0))
= A" IS 1 (Ray 1@, w, A, (04 1) (d —9)),
Seti1 (Rayit1®x,w, 1, (i + 1)(d — 1))
= A" DE 1 (Rayin @, w0, A7 (04 1)(d — 1)),
Set,i2(Rayi®a, w, 1, 5(d — i — 1))
=A@y o (Ray®yw, A, j(d— i — 1)),
Seti2(Rayi®x,w,1,j(d —i — 1))
= A% 00 (Rayi®,w, AL i(d — i — 1)).
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Proposition (6.3). The integrals
1 1
/ N Fy (P, w™h)d* )\, / N F3 (@, w™)d* A
0 0

converge absolutely and locally uniformly for all s.

Proof. If A < 1, A™! > 1. So by (2.2), (2.6), (2.9), and (2.12), for any N > 1,
3ij(Px, w1, 1,5(d—j+1)) etc. are bounded by a constant multiple of of A™. This
proves Proposition (6.3). O

Proposition (6.4). Let [2] < i, i +2 < j <d. Then the integral
1
/ N84 (Rij®x,w,1,5(d —j +1))d™ A
0
converges absolutely and locally uniformly for Re(s) >d—i+1 if d is odd, j = d,
and i = %, and for Re(s) > d — i otherwise.
Proof. By (2.2) and (6.2), for any N > 1,
E’L] (le(bka w, 17 J(d - .] + 1)) < A—(d—’i—l-'rN)
as long as
(20 —d)N - (2j—d)+j(d—7+1)—2>0.
It is easy to see that

:_27 J:dv

—(2j —d) +j(d—j+1) -2
(2 —d)+j(d—j+1) {>_1’j<d.

Suppose 7 < d. Since 21 —d > 1, (2i —d) — (25 —d) +j(d—j+1)—2 > 0. So

we choose N =1 in this case. Suppose j =d. If 2i —d > 2, we choose N =1+ 9

where § > 0 is a constant. If d is odd and i = %, we choose N = 2 + § where

d > 0 is a constant. Then (2i —d)N — (2j —d) +j(d—j+1)—2>0. So

N A=(d=i+148) if 4 is odd, j = d, and i = 4L
Sy (Riy®aw, 1,j(d— j + 1) < - c .
i (Rij®x,w, 1,5(d = j ) {,\—(d—“r“) otherwise.

Since this inequality holds for all § > 0, we get Proposition (6.4). O

Proposition (6.5). Let d = 2dy, di +2 < i < j <d. Then the integral

1
/ Astt.,ij(}%dqu)ka"‘Ja:lv.].(d_j—F1))d></\
0
converges absolutely and locally uniformly for Re(s) > d — i+ 3.

Proof. We choose N = 1in (2.6). Then since (2i—d)—(2j—d)+j(d—j+1)+2-2> 0
foralld; +2<i<j<d,

Est,ij(§d1j¢)\aw, Ljld—ji+1) < N\~ (d=i+3)
This proves Proposition (6.5). .

By a similar argument and using (2.9), we get the following proposition.
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Proposition (6.6). If d = 2d;, di + 2 < i < d, the integral

1
/ A Vst,i1 (Rayit1®a,w, 1, (14 1)(d —7))d* X
0

converges absolutely and locally uniformly for Re(s) > d — i+ 4.
By (2.12), we get the following proposition.
Proposition (6.7). If d = 2d;, di + 2 < i < d, the integral

1
/ )\stt7i,2(Rd1i(I))\a w, 1, Z(d — 17— 1))dx)\
0

converges absolutely and locally uniformly for s.
The following proposition follows from Propositions (6.4)—(6.7).
Proposition (6.8). (1) If d is odd, the integral

1
/ AF (B, w)d* A
0

converges absolutely and locally uniformly for Re(s) > %.
(2) If d is even, the integrals

1 1
/)\SFQ(@A,w)dX)\,/ N Fy (B, w)d*\
0 0

‘ d
converge absolutely and locally uniformly for Re(s) > § + 2.

Let
t+1)(d—-1i)—2
d—2i

pi=d—i+
for [2] < i <d. Then by (6.2),
Xs, ((I))\v w) = )\—;Dizsi ((I)a w),
s, (B,w) = A@FIPISg (B w).
Therefore, we get the following proposition.

Proposition (6.9).

1
S, (P
(1) / NoXg (B, w)d* A = Zsi(®w)
0 §—DPi
1 H -1
- _ 25((1) w )
2 NoYg (Py,w HdN= —221— 7
) | s @t = =
Now we consider the last two terms in (5.10).
By (6.1),
1
(6.10) | 2 (Raia aB2(0) ~ Raya 810"
0

_ Rd1d1+1(/ﬁ(0) - Rd1d1+1q)(0)
S — 1 - d]_ S — dl ’
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It is easy to see that
1 —~
(6.11) / N (TH @y, w) — TH Py, w 1))d A
0

= T (P,w,s) = Tp(P,w ' d+1—5)+ T(D,w,s).

By (3.13), T(®, w, s) is holomorphic for Re(s) > 2.
Ifd>4,4+2>2 Soby (6.8), (6.10), and (6.11), we get the following theorem.

Theorem (6.12). (1) If d is odd,

Z((I),W,S) = ZJ,.((I),UJ,S) +Z+((/I;7w_1ad+ 1- S)

3(0) ®(0)
+5(w1)5(w2)%2 <S _ (d+ 1) — S >

Es @w ) Esi(@,w)
* Z ( d"'l_pz)_ )

[¢]<i<d ST

1
+/ N (Fy(Py,w™h) — Fy(Py,w))d* A\,
0

and the last term is holomorphic for Re(s) > %,
(2) If d is even,

Z(®,w,8) = Zy(P,w,8)+ Z (P, w ,d+1—5)
®0) ()
+0(w1)0(w2) B2 <s —(d+1) s )
S50 ) Eg(0,w)
+[4]<Zi<d<s_(d+1_pl) s —p; )

and the last three terms are holomorphic for Re(s) > % +2.

We list a few examples of the location of the poles we got as follows.

(1) If d = 4, Z(P,w, s) is meromorphic for Re(s) > 4, and the poles in this
domain are s = 2,5. (2) If d = 5, Z(®,w, s) is meromorphic for Re(s) > 3, and the
poles in this domain are s = 6, 258, 10. (3) If d = 6, Z(®P,w, s) is meromorphic for
Re(s) > 5, and the poles in this domain are s = 22,7,9. (4) If d =7, Z(®,w, s) is

meromorphic for Re(s) > 4, and the poles in this domain are s = 54 ,8, 238, 18.
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